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Every word w in the free group Fd deﬁnes for each group G a word
map, also denoted w , from Gd to G . We prove that for all w = 1
there exists  > 0 such that for all ﬁnite simple groups G and all
g ∈ G ,
∣∣w−1(g)∣∣= O (|G|d−),
where the implicit constant depends only on w . In particular the
probability that w(g1, . . . , gd) = 1 is at most |G|− for some  > 0
and all large ﬁnite simple groups G . This result is then applied in
the context of subgroup growth and representation varieties.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In recent years there has been intense interest in word maps on groups and on ﬁnite simple groups
in particular. Recall that a word is an element w of the free group Fd on x1, . . . , xd . Given any group
G the word w gives rise to a word map w = wG :Gd → G induced by substitution. The image w(G)
of this map has attracted considerable attention; see, for instance, [MZ,SW,GSh,LBST] for the case of
powers and commutators, and [Bor,LiSh1,La,Sh,Sh2,ScSh,LaSh1,LaSh2,LaShTi,NP] for general words w .
The kernel of wG has also been studied, with various applications.
For a ﬁnite group G deﬁne PG(w) = |Ker(wG)|/|Gd|, the probability that w(g1, . . . , gd) = 1 where
gi ∈ G are randomly chosen. Thus PG(w) = 1 if and only if G is an identity in G . Suppose w = 1 and
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M. Larsen, A. Shalev / Journal of Algebra 354 (2012) 36–48 37G is a (nonabelian) ﬁnite simple group. Then it follows from [Jo] that PG(w) < 1 provided |G| is large
enough (given w). Furthermore, in [DPSSh] it was shown that
PG(w) → 0 as |G| → ∞,
and this result was applied in the context of the Magnus problem on residual properties of free
groups.
How fast does PG(w) tend to zero? If w is a primitive word (i.e., part of a minimal generating set
of Fd) then clearly PG(w) = |G|−1. If w = [x1, x2], the commutator word, then it is well known that
PG(w) = k(G)/|G|, where k(G) is the number of conjugacy classes of G . For power words w = xm1 , and
G an alternating group of large degree or a classical group of large rank one can show that PG(w)
is close to |G|−1/m (see [Wi] and Theorem 1.4 in [LiSh2]). However, for general words w no good
estimates are known.
Our ﬁrst result provides a strong bound on PG(w) for general words w and ﬁnite simple groups G .
Theorem 1.1. For every word w = 1 there exist  = (w) > 0 and N = N(w) > 0 such that every (non-
abelian) ﬁnite simple group G of order at least N satisﬁes
PG(w) |G|− .
This bound is best possible: the power word example mentioned above shows that  indeed de-
pends on w , and may be arbitrarily close to zero.
In fact we shall study general ﬁbers of word maps, and not just the ﬁber above 1. We use the
following terminology.
Deﬁnition. Let d be a positive integer, w ∈ Fd , η > 0, and G a set of ﬁnite groups. We say G is
η-bounded for w if there exists C such that for every G ∈ G and every g ∈ G ,
∣∣{(g1, . . . , gd) ∈ Gd ∣∣ w(g1, . . . , gd) = g}∣∣ C |G|d−η.
Our main result is the following.
Theorem 1.2. For every positive integer d and non-trivial element w ∈ Fd, there exists η > 0 such that the set
of ﬁnite simple groups is η-bounded for w.
Clearly Theorem 1.2 implies Theorem 1.1.
In the last section of our paper we give two applications of Theorem 1.1.
Recall that, for a group H and a positive integer n, an(H) denotes the number of index n sub-
groups of H . For background on subgroup growth, see the book [LS]. It is well known (see [LS, 1.2])
that am(Fd) ∼ n · (n!)d−1. It turns out that non-free groups on d generators have signiﬁcantly smaller
subgroup growth.
Corollary 1.3. Let H be a non-free group with d generators. Then there exists  > 0 such that
an(H) (n!)d−1−
for all suﬃciently large n.
Our next application concerns representation varieties. Let K be an algebraically closed ﬁeld, and
let H be a ﬁnitely generated group. Then for each positive integer n one may form the representation
variety Hom(H,GLn(K )). These varieties and their dimensions have been widely studied for various
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we show that these dimensions for non-free d-generated groups are substantially smaller. We also
obtain a similar result for semisimple groups.
Corollary 1.4. Let H be a non-free group with d generators. Then there exists  > 0 such that
(i) dimHom(H,GLn) (d − )n2 for all n > 1;
(ii) dimHom(H,G) (d − )dimG for any semisimple algebraic group G.
The above result shows that the subvariety of Gd deﬁned by the equation w(g1, . . . , gd) = 1 (where
1 = w ∈ Fd) is not only proper (hence of codimension at least 1), but has large codimension (at least
 dimG).
We emphasize that these results hold over algebraically closed ﬁelds K of arbitrary characteristic.
This paper is organized as follows. In Section 2 we bound the ﬁber size for alternating groups,
and in Section 3 we provide bounds for simple groups of Lie type. Our approach for alternating and
classical groups of unbounded rank is combinatorial rather than probabilistic (avoiding the delicate
question of the independence of various events). For groups of Lie type of bounded rank our method
of proof is essentially geometric. Finally, in Section 4 we establish the applications to subgroup growth
and representation varieties.
2. Bounding ﬁber size: Alternating groups
The following lemma allows us to replace the set of ﬁnite simple groups with something easier to
handle.
Lemma 2.1. Let G and H be sets of ﬁnite groups. Suppose that for all  > 0 there exists N such that for all
G ∈ G of order greater than N, there exists H ∈H such that |H| |G|1+ and G is a subquotient of H. If for
some word w and some η > 0,H is η-bounded for w, then G is η/2-bounded for w.
Proof. Suppose K is a normal subgroup of H and G is a subgroup of H/K . Let H ′ denote the inverse
image of G in H . Let h be an element of H mapping to g ∈ G . Then
⋃
x∈hK
{
(h1, . . . ,hd) ∈
(
H ′
)d ∣∣ w(h1, . . . ,hd) = x}
maps onto
{
(g1, . . . , gd) ∈ Gd
∣∣ w(g1, . . . , gd) = g}
and is contained in ⋃
x∈hK
{
(h1, . . . ,hd) ∈ Hd
∣∣ w(h1, . . . ,hd) = x}.
If the ﬁbers of w on H are bounded above by C |H|d−η , then the ﬁbers of w on G are bounded above
by
C |G| |H|d−η  C |G|+(d−η)(1+).
If  is suﬃciently close to zero and |G| is suﬃciently large, this is less than |G|d−η/2. For any bound B ,
we can set C > B2/η to guarantee that C |G|d−η/2 > |G|d whenever |G| < B . 
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ing groups and groups of Lie type.
We begin with the alternating case.
Below and throughout this paper we denote by CG(g) the centralizer of g ∈ G in the object (group
or ring) G . The number of ﬁxed points of a permutation σ is denoted by Fix(σ ).
Lemma 2.2. For any integer n 24,
max
{σ∈Sn|Fix(σ )n/2}
∣∣CSn(σ )∣∣=
(
n − rn
2
)
!
(
n+ rn
4
)
!2( n+rn4 ),
where rn := 4	n/4
 − n.
Proof. The left-hand side can be rewritten
maxa1!2a2a2! · · ·kakak! (1)
where the maximum is taken over all k and over all k-tuples a1, . . . ,ak of non-negative integers such
that
∑
i iai = n and a1  n/2. If ak  1 for some k  5, the product can be increased by replacing
a2, ak−2, and ak by a2 + ak , ak−2 + ak , and 0 respectively. If a4  1, it can be increased by replac-
ing a2 and a4 by a2 + 2a4 and 0 respectively. Thus we may assume that only a1, a2, and a3 are
positive.
By induction on m, 8m(3m)! 9m(2m)! for all m 1, and 8m(3m)! 9m(2m+ 1)! for all m 2. For
m = 1,
8m(a2 + 3m)!
a2!  9
m(2m+ 1)!
except when a2 = 0. As n  24, 2a2 + 3a3  12, so either a2 > 0 or m := a2/2  2, so (1) can be
increased by replacing a2 and a3 by a2 +3a3/2 and a3 −2a3/2 respectively. Thus we may assume
a3  1 and therefore a2  (n/2− 3)/2.
If a3 = 1, replacing a1, a2, a3 by a1 − 1, a2 + 2 and 0 has the effect of multiplying (1) by a factor
of
2(a2 + 1)(a2 + 2)
3a1
 2(n/4− 1/2)(n/4+ 1/2)
3n/2
= n
2 − 4
12n
> 1.
Thus, we may assume a3 = 0. We may therefore regard a1!aa2 · · ·ak! as a function of two variables
only: non-negative integers a1 and a2 satisfying the constraints a1  n/2 and a1 + 2a2 = n. Increasing
a2 by 1 while decreasing a1 by 2 has the effect of multiplying (1) by a factor of
2(a2 + 1)
(n− 2a2)(n − 2a2 − 1) .
As this is an increasing function of a2, the maximum of (1) is achieved at one of the endpoints of the
(discrete) interval of possible values (a1,a2). The two endpoints are given by a2 =  n2  and a2 = n+rn4 .
One can check that the latter endpoint gives a larger value for n ∈ {24,25,26,27} and therefore for
all values of n by an induction argument for each residue class of n (mod 4). 
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Proof. By Lemma 2.1, it suﬃces to prove that the set of symmetric groups {Sn | n 5} is η-bounded
for some η > 0. More precisely, we prove that for all w ∈ Fd \ {1}, there exists η > 0 such that for all
n suﬃciently large and for all h ∈ Sn ,
|w−1(h)|
|Sn|d < |Sn|
−η.
If Fix(h) n/2, then the conjugacy class of h has order at least
n!
n/2!2	n/4
	n/4
! .
Since |w−1(h)| is constant on conjugacy classes, the theorem follows from Stirling’s approximation in
this case. We may therefore assume that Fix(h) > n/2.
Let w = wlwl−1 · · ·w1 where each wi ∈ {x±11 , . . . , x±1d } and wiwi+1 = 1 for i = 1,2, . . . , l − 1. Any
d-tuple of elements g := (g1, . . . , gd) ∈ Sdn determines a homomorphism φg : Fd → Sn mapping xi →
gi . We deﬁne the metric dg(y, z) on In := {1,2, . . . ,n} to be the smallest positive integer k such that
z = φg(vk)(y) for some word vk of length k in {x±11 , . . . , x±1d }; if no such vk exists, we set dg(y, z) := n.
We deﬁne
u j := w jw j−1 · · ·w1,
so w j+1u j = u j+1. In particular, u0 is the identity and ul = w . We further deﬁne υi := φg(ui).
Let
M := 1+ (2d) + (2d)2 + · · · + (2d)2l
and
L :=
⌊
n
4M
⌋
,
and let z := (z1, . . . , zL) denote an ordered L-tuple of elements of In . Consider the set X , deﬁned as
follows:
X := {(g, z) ∈ Sdn × I Ln ∣∣ dg(zi, z j) > 2l ∀i = j, ∣∣{zi,υ1(zi), . . . ,υl(zi)}∣∣ l ∀i}. (2)
We would like to ﬁnd an upper bound for |X |.
We begin by ﬁxing two L-tuples (a1, . . . ,aL) and (b1, . . . ,bL) of non-negative integers such that
ai < bi  l for all i. There are fewer than l2L such choices. We count only the elements of X such that
for all i  L, the elements
zi, υ1(zi), υ2(zi), . . . , υbi−1(zi) (3)
are pairwise distinct and
υbi (zi) = υai (zi).
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b1, . . . ,bL . For ﬁxed (Z1, . . . , ZL), we count only elements of XZ1,...,ZL , i.e., only elements of X such
that for all i,
(
zi,υ1(zi), . . . ,υbi−1(zi)
)= Zi .
The distance condition in (2) implies that if any coordinate of Zi coincides with any coordinate of Z j
for i = j, then XZ1,...,ZL = ∅. We therefore assume disjointness.
If w j = xk , then
gkυ j−1(zi) = υ j(zi) (4)
for all i. If w j = x−1k then
gkυ j(zi) = υ j−1(zi) (5)
for all i. For ﬁxed i, the conditions obtained in this way for j = 1,2, . . . ,bi are pairwise disjoint, be-
cause the terms (3) are distinct and because no two consecutive terms in the sequence w1,w2, . . . ,wl
are mutually inverse. The disjointness of the sets Zi implies that all the conditions of type (4) and
(5) are disjoint. The total number of these conditions is b1 + · · · + bL , so the number of elements of
XZ1,...,ZL is bounded above by the number of d-tuples of functions In → In satisfying the conditions
(4) and (5), i.e., by
ndn−b1−···−bL .
We deduce that
|X | l2Lndn. (6)
Fix Y ⊂ In with |Y | > n/2. For each g such that φg(w) has ﬁxed point set containing Y ,
(
g× Y L)∩ X = {(g, z) ∣∣ zi ∈ Y ∀i, dg(zi, z j) > 2l ∀i = j}.
The ball B2l(z) ⊂ In of radius 2l around z ∈ In has cardinality at most M , and LM < n/4. If we select
z1, z2, . . . , zL ∈ Y iteratively, subject to the condition
z j ∈
{
z ∈ Y ∣∣ dg(z, zi) > 2l ∀i < j},
the number of possibilities for z j given z1, . . . , z j−1 is at least
∣∣∣∣∣Y \
j−1⋃
i=1
B2l(zi)
∣∣∣∣∣ n/4.
It follows that ∣∣(g× Y L)∩ X∣∣ (n/4)L .
Setting Y be the set of ﬁxed points of h. Then we obtain∣∣(w−1(h) × Y L)∩ X∣∣ ∣∣w−1(h)∣∣(n/4)L .
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∣∣w−1(h)∣∣ (n/4)−Ll2Lndn = (2l)2Lndn−L  (2l)2Ln1+(d−1/(4M))n.
From Stirling’s formula, it follows that for all η < 1/(4M),
|w−1(h)|
(n!)d < n!
−η,
if n is suﬃciently large. 
3. Bounding ﬁber size: Groups of Lie type
Let E be a ﬁnite ﬁeld and F an extension of degree 1 or 2. Let V be a vector space over F . Let 〈,〉
denote an E-bilinear map V × V → F . We consider four cases: 〈,〉 may be the zero map, or a perfect
symmetric, perfect anti-symmetric, or perfect Hermitian pairing. Except in the last case, F = E . Let H
denote the stabilizer in AutE V of 〈,〉. Every classical group G of Lie type, i.e., every ﬁnite simple group
of type Ar , 2Ar , Br , Cr , Dr , or 2Dr , is a subquotient of some such H , where |H| (r + 1)(q − 1)|G|.
Moreover, for all  > 0, |G| ((r + 1)(q − 1))1/ if r is suﬃciently large.
Lemma 3.1. If g ∈ H, one of the two following conditions must be satisﬁed:
(a) There exists an eigenvalue λ ∈ E¯ such that the λ-eigenspace of g acting on V ⊗E E¯ has dimension at least
dim V /3.
(b) The conjugacy class of g in H has cardinality at least |H|1/40 .
Proof. Let n = dim V . Let q = |F |, and D = n2 − 1, D = (n2 +n)/2, or D = (n2 −n)/2 respectively, if H
is linear or unitary, symplectic, or orthogonal, respectively. Then
|H| qD
∞∏
n=2
(
1− q−n) qD/2 qD−1.
The lemma is trivial for n 3, so we may assume n 4 for linear, unitary, and symplectic groups and
n 5 for orthogonal groups, which gives D − 1 9n2/25. Obviously∣∣CEndE (V )(g)∣∣ ∣∣CH (g)∣∣.
Regarding g as an element of AutE¯(V ⊗E E¯), we can decompose it into Jordan blocks. For each eigen-
value λ of g , there is a partition πλ giving the number of blocks of each size, with eigenvalue λ. It is
well known (see, e.g., [Hu, §1.3]) that the centralizer of g in EndE(V ) is a vector space of dimension
∑
λ
Σ
(tπλ), (7)
where Σ(π) denotes the sum of squares of the parts of π , and tπ denotes the transpose of π . Since
the sum of all parts of all tπλ equals n, (7) is less than n2/3 unless some part of some tπλ is at least
n/3. This implies that some eigenspace of λ has dimension at least n/3. The alternative is that the
conjugacy class O H (g) satisﬁes
∣∣O H (g)∣∣= |H||CH (g)|  q(
9
25− 13 )n2 = q2n2/75 > |H|1/40. 
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|StabH (v1, . . . , vr)|
|H|  q
r2+r−rn,
where q := |E|.
Proof. If v ′1, . . . , v ′r are linearly independent vectors such that〈
v ′i, v
′
j
〉= 〈vi, v j〉
for all i and j, then there exists h ∈ H such that h(vi) = v ′i for all i. In the linear case, this is obvious,
and in the other cases, it is a (suitably generalized) version of Witt’s extension theorem [Bou, §4,
Theorem 1]. It suﬃces, therefore, to prove that there are at least qrn−r2−r choices of v ′1, . . . , v ′r with
speciﬁed 〈,〉 values. We use induction on r, the result being trivial if r = 0. If it holds for r, to prove
it for r + 1, it suﬃces to show that for every choice v ′1, . . . , v ′r , there are at least qn−2r+2 vectors
v ′r+1 with speciﬁed inner products with v ′1, . . . , v ′r and speciﬁed value 〈v ′r+1, v ′r+1〉. The ﬁrst set of
conditions means that we wish to solve the equation
〈
v ′r+1, v ′r+1
〉= 〈vr+1, vr+1〉
in an aﬃne space v + W , where W ⊂ V is a subspace of codimension r. In the linear case and
symplectic cases, we are done, since |v + W | = qn−r . In the orthogonal and unitary cases, we can
replace W by a subspace W ′ (complementing the kernel of W ), on which 〈,〉 is non-degenerate. We
can regard 〈,〉 as deﬁning a non-degenerate quadratic form on W ′ regarded as an F -vector space. As
dimF W ′  2, any non-degenerate quadratic form on W ′ takes on each value at least |F |dimF W ′−2 
qn−(2r+2) times [Di]. 
Proposition 3.3. For each non-trivial word w, Theorem 1.2 holds for all classical groups of Lie type of suﬃ-
ciently high rank.
Proof. The proof is similar to that of Proposition 2.3. By Lemma 2.1, it suﬃces to prove the proposi-
tion for groups of the form H , where H is the stabilizer of 〈,〉 in Aut V . Let q := |E|, and n := dim V .
By Lemma 3.1, we may assume that h has an eigenvalue λ on V with multiplicity at least n/3.
Let g = (g1, . . . , gd) denote a d-tuple of elements in H . We deﬁne φg , h, wi as before except that
we extend the deﬁnition of wi by setting wl+i = wi for all i. Without loss of generality, we may
assume that w has minimal length as a word among all elements in its conjugacy class in Fd . This
implies w1 and wl are not inverses of one another, so the extended sequence w1, . . . ,wl,wl+1, . . . has
the property that consecutive terms cannot be mutually inverse. We deﬁne ui and υi (for all positive
integers i) by the same formulas as before. We let L := n/60l2, and let z = (z1, . . . , zL) denote an
L-tuple of elements in V . For (i, j), (i′, j′) ∈ {1, . . . , L} × {0, . . . ,3l}, we deﬁne the lexicographic order
(i′, j′) ≺ (i, j) if i′ < i or if i′ = i and j′ < j. Finally, we deﬁne
X := {(g, z) ∈ Hd × V L ∣∣ zi /∈ Span(i′, j′)≺(i,0) υ j′(zi′) ∀i, υ3l(zi) ∈ Span(i′, j′)≺(i,3l) υ j′(zi′) ∀i}. (8)
In other words, we consider the L×(3l+1) array whose ith row is zi,υ1(zi), . . . , υ3l(zi); the condition
for membership in X is that the last term in each row is always a linear combination of previous
terms in the same row and that the ﬁrst term in each row is never a linear combination of terms in
any previous row.
We deﬁne bi to be the smallest positive integer such that
υbi (zi) ∈ Span(i′, j′)≺(i,3l) υ j′(zi′).
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b1 + · · · + bL  3lL  n
2
20l
.
Let ai,i′, j′ be deﬁned such that
υbi (zi) =
∑
(i′, j′)≺(i,bi)
ai,i′, j′υ j′(zi′).
There are fewer than q9l
2L(3l)L ways in which the ai,i′, j′ and bi can be chosen. There are fewer than
qn(b1+···+bL) possibilities for the sequence of sequences
z1, . . . , υb1−1(z1); z2, . . . , υb2−1(z2); . . . ; zL, . . . , υbL−1(zL). (9)
We estimate the number of elements of X for ﬁxed choices of ai,i′, j′ , bi , and sequence (9).
The conditions
gkυ j−1(zi) = υ j(zi), ∀ j < bi, gkυbi−1(zi) =
∑
(i′, j′)≺(i,bi)
ai,i′, j′υ j′(zi′)
(if w j = xk) and
gkυ j(zi) = υ j−1(zi), ∀ j < bi, gk
( ∑
(i′, j′)≺(i,bi)
ai,i′, j′υ j′(zi′)
)
= υbi−1(zi)
(if w j = x−1k ) specify images of linearly independent vectors for each gk . The total number of these
conditions is b1 + · · · + bL . By Lemma 3.2 and the convexity of the function r2 + r, we have no more
than
q(b1+···+bL)2+(b1+···+bL)−(b1+···+bL)n|H|d,
elements of X , subject to the choices of ai,i′, j′ , bi , and (9), so
|X | (3l)Lq9l2L+2(b1+···+bL)2 |H|d  (3l)Lq9l2L+n2/200l2 |H|d.
There exists λ ∈ E¯ such that the λ-eigenspace V¯λ of h acting on V ⊗E E¯ has dimension  n/3. In
particular, λ lies in an extension of E of degree  3. Let Vλ denote the minimal E-subspace of V such
that V¯λ ⊂ Vλ ⊗E E¯ . If φg(w) = h, for every vector v ∈ Vλ ,
dimSpan
(
v,υl(v),υ2l(v),υ3l(v)
)= dimSpan(v,h(v),h2(v),h3(v)) 3.
It follows that if z ∈ V Lλ and
zi /∈ Span(i′, j′)≺(i,0) υ j′(zi′) ∀i
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of ways in which zi can be chosen in Vλ so as not to lie in a ﬁxed proper subspace is at least qn/3−1.
If w(g) = h, then there are at least qL(n/3−1) choices of z such that (g, z) ∈ X . We conclude that
∣∣w−1(h)∣∣ (3l)Lq 9l2+160l2 n− 11800l2 n2 |H|d.
For any η < 1/1800l2, therefore, the proposition holds for all q whenever n suﬃciently large. 
The cases that remain are the exceptional groups of Lie type (including triality groups and Suzuki
and Ree groups) and classical groups of Lie type in bounded rank, where the bound may depend
on w . These cases are all covered by the following proposition, a variant of [LaSh1, 2.2].
Proposition 3.4. Let G be a Chevalley scheme over SpecZ and w :Gd → G a morphism of schemes. There
exists a constant C such that if p is a prime, x¯ ∈ G(F¯p) a geometric point of G, and F :G F¯p → G F¯p a Frobenius
endomorphism (possibly of Suzuki–Ree type), then
∣∣w−1(x¯) ∩ (G(F¯p)F )d∣∣ C ∣∣G(F¯p)F ∣∣ dimw−1(x¯)dimG .
Proof. It suﬃces to prove that for each prime 
, the theorem holds for all p = 
. We therefore ﬁx

 and work over Z[1/
], removing the 
-ﬁber from G . By the ﬁniteness theorem for étale cohomol-
ogy over a ﬁeld [De1, Th. Finitude, 1.1], Riw !F
 is constructible. By the proper base change theorem
[De1, Arcata, IV 5.4], dim Hic(w
−1(x¯),F
) is bounded as x¯ ranges over geometric points lying over
closed points of G . From the cohomology sequence associated to the short exact sequence of constant
sheaves
0→ Z
 
→ Z
 → F
 → 0,
we see that
Hic
(
w−1(x¯),Z

)⊗ F
 ⊂ Hic(w−1(x¯),F
).
It follows that the rank of Hic(w
−1(x¯),Z
) is bounded and therefore that dim Hic(w−1(x¯),Q
) is
bounded.
We would like to apply the Lefschetz trace formula to count the F -ﬁxed points of w−1(x¯). As the
ﬁbers of w over closed points of G are separated schemes of ﬁnite type over ﬁnite ﬁelds, the Lef-
schetz formula is applicable as long as F is a standard Frobenius [De1, Rapport, 3.2]. To deal with the
possibility that F is a non-standard Frobenius endomorphism, we use Fujiwara’s theorem (formerly
Deligne’s conjecture) in the form given by Varshavsky [Va]. If F 2 is a p2 f+1-Frobenius, where f  1,
then F can be written as a product of a standard Frobenius map and another endomorphism, and it
follows that F is contracting in the sense of Varshavsky. Excluding the three groups 2B2(2), 2G2(3),
and 2F4(2), therefore, we may assume that
∣∣w−1(x¯) ∩ (G(F¯p)F )d∣∣= 2dimw
−1(x¯)∑
i=0
(−1)itr(F ∣∣ Hic(w−1(x¯),Q
)).
By [De2, 3.3.1], if F is a q-Frobenius, the eigenvalues of F acting on Hic(w
−1(x¯),Q
) are algebraic
numbers which have absolute value at most qi/2  qdimw−1(x¯) under every complex embedding. It fol-
lows that if F 2 is a q-Frobenius, the eigenvalues of F have absolute value at most qi/4 √qdimw−1(x¯) .
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F |
αdimG
is bounded above, where
α = q if F is a q-Frobenius and α = √q if F 2 is a q-Frobenius. The proposition follows. 
We also indicate an alternative proof of Theorem 1.2 for simple groups G of Lie type of bounded
rank r.
Let g ∈ G and consider the ﬁber w−1(g). If g = 1 then g has at least |G| conjugates in G , where
 > 0 depends on r. Since |w−1(g)| is constant on conjugacy classes, we obtain |w−1(g)| |G|d− , as
required.
Now suppose g = 1. By Section 4 of [DPSSh] (see Lemma 15 in particular, which is partly based
on work of Hrushovski), it follows that |w−1(1)|  C |G|dq−1, where q is the ﬁeld size, and C is a
constant depending on r and w . Now, the bound on r implies q−1  |G|− for  > 0 depending on r,
so the result follows.
4. Applications
In this section we prove Corollaries 1.3 and 1.4.
It is well known (see [LS], 1.1) that
an(H)
∣∣Hom(H, Sn)∣∣/(n− 1)!.
Suppose H is generated by h1, . . . ,hd . Since H is not free there is a non-trivial word w ∈ Fd such that
w(h1, . . . ,hd) = 1. Therefore every φ ∈ Hom(H, Sn) satisﬁes w(φ(h1), . . . , φ(hd)) = 1, which implies
that
∣∣Hom(H, Sn)∣∣ ∣∣Ker(wSn )∣∣.
By Theorem 1.1 (more precisely, by the proof of Proposition 2.3 dealing with Sn) there exists δ > 0
such that for all large n we have
∣∣Ker(wSn )∣∣ (n!)d−δ.
This implies
an(H)
∣∣Hom(H, Sn)∣∣/(n − 1)! n(n!)d−1−δ  (n!)d−1−
for any ﬁxed 0<  < δ and suﬃciently large n. This concludes the proof of Corollary 1.3.
To prove Corollary 1.4, let H , hi , w be as above. First let G denote a linear algebraic group over
any ﬁeld k. Then Hom(H,G) denotes a (not necessarily geometrically integral) closed k-subvariety
of Gd . It is contained in the ﬁber of the map wG :Gd → G lying over 1. We prove the upper bound
on dimension by bounding the maximum D(wG ) of the dimension of all ﬁbers of wG .
We consider ﬁrst the case that G is semisimple and k is algebraically closed. Let G ′ denote the
quotient of G by a central subgroup and φ :G → G ′ the quotient map. We have a commutative dia-
gram
G × · · · × G wG
φ
G
φ
G ′ × · · · × G ′
wG′
G ′
(10)
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dimw−1G ′ (h) = dimφ−1w−1G ′ (h) = dim
∐
g∈φ−1(h)
w−1G (g) = max
g∈φ−1(h)
dimw−1G (g).
Therefore, D(wG ) = D(wG ′ ). Without loss of generality, therefore, we may and do assume that G is
simply connected.
Every simply connected semisimple group G is isomorphic to a product of groups Gi which are
simple modulo center. As
D(wG) = D(wG1) + · · · + D(wGm ),
we may and do assume that G is simple modulo its center.
Next we consider the case that k is of the form F¯p for some prime p. Then G and h can both be
deﬁned over a ﬁnite subﬁeld Fq of k, and by slight abuse of notation, we denote by G an algebraic
group over Fq giving rise to the original G by extension of scalars. We ﬁx h ∈ G(Fq) such that Xh :=
w−1(h) has dimension D(wG ). Replacing q with a suitable power if necessary, we may assume that
Xh has at least one geometrically irreducible component of maximal dimension, so by the Lang–Weil
estimate,
∣∣Xh(Fqr )∣∣ qrD(wG )(1− Cq−r/2) qrD(wG )2
if r is a suﬃciently large integer. If Z denotes the center of G(Fqr ), then G := G(Fqr )/Z(G(Fqr )) is
a ﬁnite simple group if r is suﬃciently large. Let h¯ denote the image of h in G . Then the image of
Xh(Fqr ) in Gd has order at least
∣∣Z(G(Fqr ))∣∣−d∣∣Xh(Fqr )∣∣ |Z(G(Fqr ))|−dqrD(wG )2
if r is suﬃciently large. However, this image is contained in w−1G (h), which has order
O
(|G|d−η)= O (qr(dimG)(d−η)).
Since r can be taken arbitrarily large but |Z(G(Fqr ))|  |Z(G(F¯q))| is bounded, we conclude that
D(wG) (dimG)(d − η).
Since this holds in every ﬁnite characteristic, it holds also in characteristic zero by Chevalley’s
semicontinuity theorem. This proves part (ii) of Corollary 1.4.
To prove the result for GLn , we set G = SLn and note that
dimHom(H,GLn) d + dim(H,SLn).
Part (i) of the corollary follows too.
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